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1. Introduction 



Motivated by tlie AdS/CFT correspondence, character formulae for groups associated 
with conformal symmetry have received greater attention recently In the 

way in which character formulae encode the spectrum of operators allowed in a conformal 
Yang-Mills theory has been their main use. We hope that the present discussion might be 
similarly useful for conformal Yang-Mills theories in higher dimensions. 

It is well known that character formulae provide an elegant way of decomposing tensor 
products of Lie algebra representations - the Racah-Speiser algorithm for decomposing ten- 
sor products of finite dimensional irreducible representations of simple Lie algebras may be 
easily proved in terms of Weyl characters, see [|5| for a summary. In conformal field theories 
the method of characters was used by Flato and Fronsdal to decompose products of 
certain massless representations, called 'Di' and 'Rac', in three dimensions. Oscillator and 
other methods have been used by various authors to generalise this to higher dimensions 
||7|,^,|9| JT0|] . Here we follow a more direct approach using character formulae for the con- 
formal group to decompose products of positive energy unitary irreducible representations 
of the conformal group which inter alia provides a generalisation of the Flato-Fronsdal 
results. These formulae may also be relevant to operator product expansions. 

The layout of the paper is as follows. We rewrite the conformal algebra in terms of 
the orthonormal basis of SO*{d + 2), the complexification of the conformal group in d 
dimensions, in section 2. 

In section 3 we construct the characters of any positive energy unitary irreducible 
representation of the conformal group. The problem is related to finding characters of 
certain infinite dimensional representations of SO*{d + 2) and we make use of a result 
11]] , employing Verma module characters, for solving it. The main part of the task 



m 



consists, in this approach, of finding sub- Verma modules of an original one. This is more 
straightforward in the orthonormal basis of SO*{d + 2) due to simplifications in the Weyl 
group action on weights in this basis. In this section we also show how these formulae are 
equivalent to ones obtained as follows. The basis for the original SO*{d + 2) Verma module 
is reduced in a way determined by appendix C which discusses unitary representations 
of the conformal group. We write down the character of the reduced SO*{d + 2) Verma 
module and then simply act on it with the Weyl symmetry operator of SO{d). The formula 
obtained agrees with the character formula for the corresponding irreducible representation 
of SO*{d + 2). We also give the three and four dimensional results explicitly and these 
match known results H,|6,T^,13|. 



In section 4 we discuss products of the unitary irreducible representations. As a simple 
example we first discuss the case of d = 4. This is made simpler by the fact that the SO (4) 
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character may be rewritten as a product of two SO (3) characters. We then go on to discuss 
higher dimensional cases which correspond to products of free representations. Crucial in 
this approach are expansion formulae of the characters in the following form, namely, 
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s^+^F^^(x), (1.1) 



where A denotes the canonical conformal dimension, -FAr(x) is some linear combination of 
the SO{d) characters and with s and x = (xi, . . . , x^.), r = [^d] being some variables. We 
give expansion formulae of the type ( |1 . Ij ) for all character formulae of interest. 

In even dimensions the product formulae obtained divide into two forms depending 
on whether the dimension d is divisible by four or not. 

While we do not find all such product formulae, we feel that the method presented 
generalises easily when used in conjunction with expansion formulae of the type (|1 . 1|) . 



Expansions of the form ( |1 . 1| ) are used in section 5 then to correlate our results for 
character formulae with one-particle partition functions which have been found by various 
authors |T^,^|T^ for the free scalar, Weyl fermion and |-form field strengths. We also 



discuss an expansion formula given for the character for conserved symmetric traceless 
tensor currents in the main text. A simple argument is given which explains the behaviour 
of the character formula (in the form (|1 . 1| ) ) when x = (1,...,1). Also it is found that the 
character for the free scalar obtained here matches the one particle partition function for 



a scalar field on the boundary of AdS in [jT^ when the spin of descendants is taken into 
account. 

Various useful formulae and proofs are left in the remaining appendices. In appendix 
A results for character formulae for infinite dimensional representations of semi-simple 
Lie groups are discussed. In appendix B standard formulae for SO{d) Weyl characters 
are given. In appendix C unitarity bounds are discussed. While unitarity bounds have 
been discussed in great detail by other authors, see for example [^|1^J2^, we feel that 



this attention is merited in that it determines which combination of generators are to be 
omitted from the full Verma module for SO*{d + 2) when character formulae for unitary 
irreducible representations of the conformal group are analysed. Appendix D contains 
proofs of certain product and expansion formulae for conformal group characters. 



2. The conformal algebra in the orthonormal basis 

Starting from the Lie algebra for SO{d,2), 

[Mab, Mcd] = i{9Ac Mbd - 9AD Mbd - Qbc Mad + Qbd Mac) , (2.1) 
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for A, S = 1, . . . , d+2, qab = diag.(l, . . . , 1, —1, —1) and where Mab = —Mba are Hermi- 
tian, then ( |2.1| ) may be related to the standard form of the conformal algebra by defining 
Mab, Va, K,a, H , foT tt, b = 1 , . . . , d through 

where s, t = d + 1, d + 2, tdd+i = 1, Cst = -ets and 

Va = Mad+1 + iMad+2 , ICa = Mad+1 ' iMad+2 ■ (2.3) 

Then 

[Mab, M,d] = iiSac Mm - Sad Mb, - 6bc Mad + hd Mac) , 

[Mab, Vc] = iiSacVb - SbcVa) , [Mab, ICc] = i{5aXb " 5bXa) , (2.4) 
[H, Va] = Va , [H, ICa] = -ICa , [ICa, Vb] = -2lMab + 25abH , 

with all other commutators not mentioned in ( p.4|) vanishing. As usual, Mab = —Mm are 
Hermitian generators of SO{d) rotations. Here H, the conformal Hamiltonian, is required 
to have a positive definite spectrum of eigenvalues for positive energy representations. 

In ( |2.4| ) Mab of course satisfy the Lie algebra of SO{d). For what follows we will use 
the orthonormal basis for SO{d) whereby the Cartan subalgebra is defined by 

H, = M2,-i2i, i = l,...,r, [H,,Hj]=0, (2.5) 

with raising and lowering operators formed from 

EfV = -El' = M2,_i 2j-i + ieM2^ 2,-1 + ivM2^-l 2j - er|M2^ 2, , i ^ j , £, ?7 = ± , 

(2.6) 

augmented by 

Ef = M2,_l2r+1 ± iM2^2r+l , (2.7) 

for SO{2r+l). 

In 2r dimensions the commutation relations among the SO{2r) generators in the 
orthonormal basis are given by 

[H.,E^l] = {e5,,+r^5,k)E';i, 

[El], Elj"'] = {e- e'){l - W)H. + iv ~ V)(l - es')H, , (2.8) 
[E!],Ef/]=t{e'v-l)E:^', i^k^ 

where i,j,k = 1, . . . , r and £, e', ?7, 77' = ± with other commutators, that can not be ob- 
tained through the symmetry E^] = —Ej^, vanishing. 
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Using standard orthogonal unit vectors G then for 1 ^ i < j ^ r correspond 
to the set of positive roots e^ie^ while E~j'^ correspond to the set of negative roots — e^iej. 
The simple roots e^— e^+i, e^-i+e^ for 1 ^ z ^ r— 1 correspond to the linearly independent 
set of raising operators -Ej^^i, E^J^-^^. Similarly the linearly independent set of lowering 
operators is E~^^, 1 ^ z ^ r — 1, E~~^^. 

In 2r + 1 dimensions we have additionally the following commutation relations involv- 
ing the extra generators ( |2.7| ) , namely, 



[H,,Ef]=±d,jE 



[Et,E^] = {e-rj)H,, [E^ E]] = tE^;' , (2.9) 
\Er^.E^;\ = -\E]lE^:\=i{e'r^-l)El^ 
for i, J = 1, . . . , r with all other such vanishing. 

For SO{2r + 1) E^ corresponds to the extra positive roots e^ while E~ corresponds 
to the extra negative roots — e^. The simple roots e^ — ei+i, 1 ^ z ^ r— 1 and e^ correspond 
to the linearly independent set of raising operators E^-~^, E^ . The linearly independent 



set of lowering operators is i?^ ^ij^, 1 ^ z ^ r — 1 along with E~^ 



In the orthonormal basis of 5'0(2r), the 2r dimensional vector representation has 
highest weight ei and all other weights in the weight system are given by ie^, 1 ^ z ^ r. 
The weight system may be represented diagrammatically by 

E-\ E-- 

ei >e2---er_2 > y^- ^r-l > -6^-2 62 > - (2.10) 

E , E^ + 

which also indicates the action of the lowering operators E~^t^, 1 ^ z ^ r, E~Zi^- As a 
convenient basis for the Va, K^a operators, which of course transform in the vector repre- 
sentation, we define 

Pz± = P2Z-1 ± ^P2^ , /C,± = /C2,-l ± Z/C2^ , (2.11) 

for which = = [i?+;i,/Ci+] = = and 

[H,, Vj±] = ±5^j Vj± , [if., /C,±] = ±5,j }Cj± , (2.12) 

so that Vi±, ICi± correspond to the weights ie^. In terms of explicit action of lowering 
operators, we have that 

n± = -f[i?i-^,^i+], z = 2,...,r-l, V,. = ^,[E^+,[E^f,V^+]] 
/C,± = -|[i?-^,/Ci+], z = 2,...,r-l, }Ci. = l[E^+,[E^f,}Ci+]], 
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which may be easily unraveUed in terms of the action of the hnearly independent set of 
lowering operators E~^'^-^^, 1 ^ z ^ r, E~Sir- 

In fact the entire conformal algebra in this basis my be written in terms of the or- 
thonormal basis of the SO*{2r + 2) algebra. Making the definitions 

Ho = -H, E-^^ = -Ef- =V,±, = = /C.± , z = l,...,r, (2.14) 

(so that —if is the extra Cartan subalgebra element and K,i±/'Pi± form the extra rais- 
ing/lowering operators) then the conformal algebra may be shown to be equivalent to ( |2.8| ) 
for the range of the indices k being extended to 0, 1, . . . , r. The linearly independent 
set of raising/lowering operators in this case is extended to include }Ci-/Vi+. 

The 2r+l dimensional vector representation of SO{2r + 1) has highest weight ei and 
the weight system is ie^ and 0. Diagrammatically the weight system is given by 

ei — >e2 ■ ■ ■ e^-i — > e^ — > (J — > — e^ — > — e^-i ■ ■ ■ — e2 — >■ — ei (,^-15) 



where we have indicated the action of lowering operators. In addition to ( |2.11| ) we may 
also choose 

Vo = V2r+1 , ^0 = ^2r+l , (2-16) 

as extra elements of the basis for Va, K^a operators and these commute with if^, 1 ^ z ^ r, 
so that they have weight 0. 

Again, in this basis the conformal algebra may be written in terms of the orthonormal 
basis of SO*{2r + 3). In addition to ( p.l4|) in this case we define 



E^^Vo, -E+^ICo, (2.17) 



and along with (|2.8| ) the extra commutation relations are given by (|2.9| ) for the range 
of the indices i,j being extended to 0,1,..., r. Again, the linearly independent set of 
raising/lowering operators in this case is extended to include IC1-/V1+. 



In terms of the orthonormal basis, unitarity requires that 

(2.18) 



3. Character formulae for positive energy unitary irreducible representations 

Essential in our approach to finding the character formulae for positive energy ir- 
reducible representations of the conformal group are SO*{d + 2) Verma modules. These 
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have basis generated by the arbitrary action of lowering operators on the conformal highest 
weight state |A, corresponding to the SO*{d + 2) weight A = (—A, ii, . . . , £r), r = 

[^d] (where for a = 0, 1, . . . , r then are Ha = —H^ Hi eigenvalues). In what follows we 
assume that £ is a dominant integral highest weight with respect to SO{d), so that in the 
orthonormal basis £i = £ ■ e^ G |Z and0 

£i ^ ... ^4-1 ^ 141, (3.1) 

for SO{2r) while for SO{2r + 1) 

ii^...^ir^O, (3.2) 

these being the respective dominant Weyl chambers (or boundaries thereof). 
The highest weight state lA,^)'^'"' satisfies 

if.|A,£>'--- = AJA,£>'--- , ^i_|A,£>^--- = i?.|A,£>'-"- = 0, (3.3) 

for a being the simple roots of SO{d) so that 

{E^} 1 ^ z ^ r-1 , , (3.4) 

for SO{2r) while 

{E^} ^ 1 ^ z ^ r-1 , E+} , (3.5) 

for SO{2r + l). 

The Verma module Va with highest weight A therefore has basis 

J] V,^- n ^a""|A,^>'-"-, (3.6) 

v = ie,0 OiE^- 

for $_ denoting the set of negative roots of SO(d) and with Uy^Uct all positive or zero 

integers, with no = for SO{2r). As mentioned before, for SO{2r) then {Ea] {E~j^} 

while for SO{2r + 1) then {E^} — > {E~j'^, Corresponding to the basis (|3.6|) the 
weights A' in the Verma module are given by 

r 

e' = i- J2 + -n,_)ei. (3.7) 

^ The Dynkin labels for even d are given by A'i = ii — li+i, 1 ^ i ^ r—2 and AV-i = 
(■r-i + ir, AV = ir-i — ir whlle foi odd d they are A'i = li — ii+i, 1 ^ i ^ r—1 and AV = 2lr 
and these are the conditions for them to be non-negative integers. 



Ao = -A- " 

w — -is ,0 
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In ( |3.6| ) we assume some fixed ordering of P^,, E^. Tliis ordering may be arbitrarily cliosen 
since if a different ordering is assumed tlien tlie resulting Verma module basis can be 
expressed in terms of that in ( |3.6|) due to Vy, i?a having commutators which are closed 
among themselves. 

In appendix C we will use the form of the algebra in the last section, in terms of the 
orthonormal basis, to derive conditions necessary for conformal group representations to 
be unitary. These results are summarised by 

A^Ap = h + d-p-l, p=l,...,[irf] for £i =£2 = ... = ^p> Vi, 
A ^ irf - 1 or A = for £ = , 

while for odd d we have in addition that 



A^[irf] for £i = ... = £ji,j = i. (3.9) 



It has been proven elsewhere that these conditions are sufficient [jT^ (in order for states 
in irreducible representations of the conformal group to have strictly positive norm). We 
impose these conditions on the representations we are interested in. 

Along with the highest weight A the weight system for Va may contain other highest 
weights A'" being, for certain w in the relevant Weyl group W, shifted (or affine) Weyl 
reflections given by,il 

A'" =m;(A + p) -p, (3.10) 

for p being the Weyl vector, P = — | Xlae*- described more in Appendix A, Va-^ 

is a sub- Verma module if and only if the w can be made to satisfy condition {A.9). A 
necessary condition is that A — A'" be expressible as a linear combination of positive roots 
with non-negative integer coefficients. This is equivalent to demanding that the state with 
weight A'^ can be reached by applying lowering operators on the highest weight state with 
weight A. If the highest weight A is dominant integral then all Va^^ are sub- Verma modules 
of Va. 

As described in appendix A, in order to find the character of Xa the first step is to 
find all A"^ which are highest weights of sub- Verma modules. Below we give necessary 
conditions for SO*{d + 2) weights to satisfy this for the highest weight having orthonormal 
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A simple example is for the Ve Verma module of SO{d) whereby the state {i"^^) 



iE^2 ) \l) , for 0-12(^1,^2,...) = (^2,^1,...), characterises a sub-Verma-module , 

for l;^)'^'^' being annihilated by all SO{d) raising operators. To see this it suffices to use that 
[^iV>(^r2^)"] = MHi-H2+n-l){E- + )''-\ For unitary representations E'^^^ = E7^' and 
|ri2) is null. 
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basis labels A = (—A, £i, . . . , We show how each such weight may be written as A'"' 
where w G Wd, the Weyl group of SO{d), and A' = (— A',£') has i' satisfying (|3.1| ) or 



( 3 .21) , so that i' is a dominant integral weight of SO{d), or else such that the weight i' 
has a Dynkin label equal to —1 in which case such contributions vanish in xa- Using the 
results of appendix A we may then write the character as 

Xa = 5Z sgn(tw)CA- + ^ 7A'Sgn(i(;)CA/» , (3.11) 

where Ca' are SO*{d + 2) Verma module characters and 7a' is determined by a recurrence 
relation. To solve this recurrence relation requires knowing in more detail which sub- 
modules are contained in which and so condition (A. 9) applies here. 

The Weyl group Wd+2 acts in a particularly simple way on weights of the Verma 
module Va of SO* {d + 2) in the orthonormal basis. Choosing any w G Wd+2 then we may 
write 

w{Ao, ...,Ar) = (£oA^(o), . . . , £rK(r)) , (3.12) 

for a G Sr+i and = ±1 with Ha^" = 1 for d = 2r. In the present case the relevant 
Weyl vector has components 

Pa = \d-a, a = 0, ...,r, (3.13) 

in the orthonormal basis of SO*{d + 2). Notice that the last r components are the com- 
ponents of the Weyl vector for SO{d). From ( |3.1U| ) we have that the components of A^ in 
the orthonormal basis are 

A^ = EaAaia) + (^a " l)|t^ " £aCr(a) + . (3.14) 

Now for SO* {d + 2) the weights A = (—A, £i, . . . , f^) are clearly not dominant integral 
unless A = ii = which corresponds to the trivial representation. Sub-Verma-module 
weights must satisfy (|3.7| ). Thus, for any A^ to be the highest weight of a sub-Verma- 
module then Ag^ = —A — n, n G N. Also the minimum value of Aq" is that for £o = 
— 1, a(0) = 1 so that sub-Verma-modules exist for 

-£i-d + l ^ A'^ = -A-n. (3.15) 

Notice that for Eq = 1, cr(0) = so that Aq = —A then all Va^^, w G Wd are sub-Verma- 
modules dominant integral highest weight with respect to the SO{d) subgroup. 
For any other Eq, cr(0) then this corresponds to a definite action of on the highest weight 
state so that for these cases n ^ 1. 
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Using the formula ( 3.11 ) and the results of appendix A with condition ( |3.15| ) we now 



discuss the even and odd dimension character formulae separately. 

Character formulae: even dimensions 

For application of the results of appendix A we need to specify what condition (A. 9) 
demands for SO*{d + 2) Weyl group elements in d = 2r dimensions. For Sab, T(^ah) being 
the Wd element for the respective positive roots ea + eb, ea — e^, ^ a < 6 ^ r then clearly 



Sabi^O, • • • 5 Aa, . . . , Afo, . . . , h-r) — (Aq, . . . , — Afo, . . . , — A^, . . . , A^) , 

(3.16) 

^(ab) (^0, • • • : Aa, • ■ • 5 ^fe, • • • 5 ^r) = (Aq, • • • , Afo, . . . , A^, . . . , A^) . 

T(afe) corresponds to the transposition [ah) and below we use the short-hand notation 
Ta = T(^aib^) ■ --Tia^b,) for a = (ai6i) . . . {ajbj). Applying Sab: respectively T(„;,), to some 
weight A' = (A'o, . . • , AV) then clearly condition (A. 9) allows only those Sab, respectively 
T(^ab), for which A'^ + A'^ G N, respectively A'^ - A'5 G N. 

We may easily write the character formula for the SO*{2r + 2) Verma module with 
highest weight A, for A = (— A,£), and weights A' given by (|3.7| ) as 



+^)(.,x) = $:e^'(^) = .^Cf )(x)p(^^)(.,x) , (3.17) 

A' 

where, for some general SO*{d + 2) weight /i, 

s = e-^o in) = e~''° , Xi = e^^ (n) = e^' , (3.18) 

C^'^^\x) denotes the character of the SO{2r) Verma module with highest weight I (given 
in appendix B) and 

P(20(,,x)= \[{l-sXi)-\l-sx-^)-\ (3.19) 

(P''^^-'(s, x) comes from the summation over ni± implicit in ( |3.17| ).) 

For A>£i + (i — 2orA lying between two any of Ap and Ap_|_i in ( |3.8| ) then ( |3.15| ) 
implies that the only sub-Verma-modules are at most those having highest weights for 
£0 = 1, cr(0) = in ( |3.14| ). However, since £ is a dominant integral weight of SO{d) 



then all Va^^, w G Wd are sub- Verma modules of Va in this case. Thus from ( |3.11|) the 
corresponding character is, 

= E sgn(«;)cf:+^)(.,x) = s\f''\x)p('^Hs,x) . (3.20) 
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Let us assume that ii = £2 = . . . = £p > p ^ r — 1, A = Ap. In this case 

only for £0 = 1, (^(0) = and £0 = -1, c^(0) = 1, in (|3J^ satisfy ( p^ ). 

For £0 = I7 cr(0) = then aU Va^, w G Wd are sub-Verma modules. Let us assume 
£0 = —1, cr(0) = j, 1 ^ j ^ p for which Aq = —£i — d + j then it is not difficult to show 
that the rest of the components may be written as 

{£,,...,£,,£p+,,..r = ih,...juii-i....ji-ijp+i,..r' , w'^m, 

j*^ position 

whereby if in the original w G Wd+2 then a{ka) = a, ka 0, a ^ j then w' is defined in 
terms of w by 

4 = -^0 = 1, 4o = -^fco ' 4i=£fc«. f^' = (Opp- (3.22) 
so that cr'{0) = and a' exhausts all members of Sr- Thus we have shown that all 



weights for the case of tt; G having £0 = —1, cr{0) = j in (|3.14|) may be written as 

AU'P)^\ w' G Wd with! 

Ai^^p) = {-£,-d + jJ^,...J^J,-l,...J^~lJp+^,...). ^^^^^ 

+ 1)*^^ position 

We may now easily show that A^-''^^'^ , w' G Wd exhaust all other highest weights of 
sub-Verma-modules of Va in this case. To see this notice that if condition (A. 9) of appendix 
A is satisfied for the weig ht A(^'P) then it is satisfied for A(-?»"'', w' G Wd since the 
(£1, . . . , £1, £1 — 1, . . . , £1 — 1, £p+i, . . .) corresponds to a dominant integral weight of SO{d). 
For A^^'P^ itself we may show that A'^-''^'* = A"' where w = S^pT^ for a = {pp—l...j) 
satisfies condition (A. 9). We see this as {pp — 1 . . .j) = {pp—l){p—lp—2) . . . (j+lj) and 
T(^i+ii)T(^ii-i) . ■ ■T^j+ij)iA + p) ■ {ei+2 G N for z < p and T^{A + p) ■ (§0 + 6^) G N. 

It now remains to determine "f/^u^p) "fj^p in for the weig ht A(-?'P) by the 

recurrence relation in appendix A. The first observation which is not difficult to show (in a 



^ Also ria^a ~ sgn(w') = ( — l)^+-'+^sgn(w). During the course of this work we 

noticed that, at this point, simply using the following formula 



XA 



Ca + ^ sgn(u;)CA^' 



where the sum runs over all w satisfying condition (A. 9), gives exactly the same result for the 
character as we find here by a more laborious procedure. It would be interesting to know whether 
or not this formula holds for more general Lie algebras and highest weights. We have not been 
able to find such a simple formula in the literature. 



10 



similar fashion as above) is that among V^(fe,p) the only such modules which contain V/^u,p) 
as a sub-module are those for j < k ^ p or none such if j = p. In fact it is possible to 
show that no proper sub- module of Va contains V^cp,?) so that in this case ■jp^p = — 1. 

To describe which sub-modules contain other V/^u,p) we first define a subset of the 
permutation group 7^ C 5^ so that every t E has 1 ^ c ^ n cycles, where the 
first cycle consists of the first ni of the integers n, n—1, . . . , 2, 1, preserving this ordering, 
the second consists of the next n2 such integers, again preserving this ordering, and so 
on and where ni,...,nc ^ 1 satisfy Yli=i''^i ~ ^- -^o^ example for n = 3 then 7^ = 
{(321),(32)(1) = (32),(3)(21) = (21), (3)(2)(1) = 1}. It is not difficult to see that the 
number of such permutations with c cycles (counting trivial one cycles) is ^ j so that 
the total number of such permutations is 2"^"^. Further we have that for n > 1 there are 
2n-2 q£ these permutations with signature 1 or —1 so that XlreT™ sg'^(''') — 0- 

With the above definition of we have found that the sub-modules Vj^^i' , w' G 
Wd, w' 7^ 1 contain Va{j,p) as a sub-module only for w' G 7^_|_i_j so that for j > p then 

sgn{w') = —1 is the contribution to 7j,p coming from these. Also we have found that 
the sub-modules Vj^(k,p)w' , j < k ^ p, w' E Wd containing V/^u,p) have w' G Tk-j so that 
for j + 1 < k ^ p then J2w' sgn(t(;') = so that the contribution to 7j,p coming from these 
vanishes while fork=j + l then w' = 1 and this contributes 7j+i,p sgn(w') = 7j+i,p to 
7i,p- With these results we may then easily find that 

7.,p = (-1)^+^+^ , (3.24) 

solves the recurrence relation 7^ p = — 7j_|_i p, 7p p = —1. 

It is possible to show that for such w' as described above (essentially belonging to 7^ 
for various n) then for w G Wd+2 so that A^-'-p) = A""^' or A^-^'P) = A^''-^)'^'^' the only w 
which satisfy condition (A. 9) are expressible as products of Sqi, T(^rnn)j I ^ l,m,n ^ p. 

Now applying ( |3.11| ) and the Weyl character formula for SO{2r) in terms of ( |3.17| ) 
(appendix B) we find that the corresponding character is, 

is xl 

for (£i,...,£i,£p+i, ...,£,). 

Notice that for even dimensions we also have the possibility of £1 = ... = i-r-i = 
±4, A = £1 + id - 1. Here the A^ satisfying ( |3?T5|) are those for £0 = 1, cr(0) = 0, 
Eq = =f1, o"(0) = r along with £0 = — 15 cr(0) = 1, . . . , r — 1. By an argument very similar 



X, 



p(2r)( 



s,x 



(3.25) 
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to the previous we find that, for £ = {£,..., i, ±i), 
V^^"^^ (s x) 



is the corresponding character in this case. 

The free scalar case, for which A = (— r + 1, 0, . . . , 0) is the highest SO{2r + 2) weight, 
is accounted for by ( |3.26|) for £ = and has character 

I)f;:\^„j(.,x) = P[^^:\^„j^(.,x) = s^-\l - .2)P(2^)(.,X) , (3.27) 

since the SO{2r) characters obey X(o,...,o,-i,±i)(x) = —1 with X(o,...,o,±i)(x) = and 
X(o,...,o ,-i,...,-i,±i)(x) = otherwise. 

Character formulae: odd dimensions 

Considerations for odd d = 2r + 1 dimensions are very similar to those above for even 
d = 2r dimensions and we will not go into as much detail here. Along with ( |3.16| ) W2r+i 
has extra elements corresponding to the extra positive roots e^, 1 ^ z ^ r given by 

^„(Ao,...,A„,...A,) = (Ao,...,-A„,...,A,). (3.28) 

Acting on some weight A' = (A'o, • . . , A'^) then condition (A. 9) only allows those Sa for 
which A'„ G ^N. 

We may easily write the character formula for the SO*{2r + 3) Verma module with 
highest weight A and weights A' given by (|3.7|) as 



ct^'Hs^x) = 5^e^'(^) = .^Cf +^)(x)p(^^+i)(.,x), (3.29) 

A' 

where C^'^^~^^\x) denotes the character of the SO{2r + 1) Verma module with highest 
weight £ (given in appendix B) and 

P(2'^+I)(s,x) = (1 - s)-' sx,)-\l - sx-')-' . (3.30) 



^p(2r+i) .^^ comes from the summation over ni±,no implicit in ( p.29| ).) 

For A>£i + (i — 2orA lying between two any of Ap and Ap_|_i in ( |3.8| ) then character 
for positive energy unitary irreducible representations is, 

^%S^M= E sgn(«;)4r^)(.,x) = .^Xr+'^(x)P(^'-+^)(.,x), (3.31) 
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where x'^^~^^\'^) is the character of the SO{2r + 1) irreducible representation with highest 
weight £. 

For A = Ap in ( p.8|) we may go through the same procedure as for the even dimensional 
case and find that the extra Weyl refiections ( |3.28| ) lead to nothing new as far as condition 
(A. 9) is concerned. Thus for odd d and with i = (ii, . . . ip+i, . . . ,ir) the corresponding 
character for these representations is, 

^[£l+2r-p;l^,ip+^,...,e^]y^^^) 



For the free scalar case, for which A = (-r + i, 0, . . . , 0) is the highest SO(2r + 3) 
weight, we have that the corresponding character is given by, 

^K!o](^'-) = - s')P^'^+'Hs,x) . (3.33) 

For odd dimensions we also have the possibility of the highest weight A having compo- 
nents A = (— r, i, . . . i). This time the Aq satisfying ( |3.15| ) are those for eq = ±1, cr(0) = 0, 
£o = —1, cr(0) = j , 1 ^ j ^ r. For Eq = —1, a"(0) = then Aq^ = — r — 1 and the remaining 
components may be rewritten as t" = €" where w' G VV2r+i is identical to w save for 
£q = —Eq = 1 so that ria^a = ~ Ila sgn(i(;') = — sgn(i(;). The cases of £o = 

(t(0) = j, 1 ^ j ^ r are accounted for similarly as for even dimensions for p = r. How- 
ever these cases have highest weights which are shifted W2r+i Weyl group refiections of 
(— A', £') = (— 2r — 1 + J, — |, . . . , — . . .). For these weights at least one of the Dynkin 
labels i'i+i —i'i is equal to —1 so that contributions from all these Verma modules vanish 
from the character formula (by a result of appendix A). 

The only cases we have to consider are for the Verma modules V^^/^u' , w' G W2r+i 
for A' = (— r — 1, |, . . . , i). By similar arguments as before all Vj^^,^' for w' 1 are sub- 
modules of Va'. Due to A' + p = S'o(A -|- p), where Sa is defined in ( |3.28| ), then condition 
(A. 9) (which is satisfied due to eo ■ (A-|-p) = |) implies that all V^/iu' , w' G W2r+i are sub- 
modules of Va. Further we may show that Va' is contained only in Va, and no sub-modules 
of Va, and so 7a' = —1. 

Taking into account these considerations, we have that the character is, from ( |3.11J ), 

= X! sgn(u;)(CA- - Ca'») 

wemr+i (3.34) 

= s'^(xiH xi"^) . . . (x,^ -f x,-^)(l - s)p(2'^+i)(s,x) , 
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and where we have used that 



xi'r+Hjx) = {xj +xr"^)...{xj +Xr-^). (3.35) 

Relation with reduced Verma module bases 

We wish to show here that omitting certain of Vy from the original Verma module 
basis (|3.6|) leads to formulae for characters which are equivalent to those obtained in the 
last sections. 

Descendant states (i.e. those obtained by definite action of Vy on the highest weight 
state) are SO{d) representations belonging to the decomposition of ei (g) . . . (g) ei £ in 
terms of irreducible representations. From appendix C, these states are null for either 
of two reasons. One reason is that i may lie on the boundary of the dominant Weyl 
chamber ( |3.1| ) (i.e. that some £i = £2 = ■ ■ ■) so that certain descendant states are null with 
respect to the SO{d) subgroup. The other reason is that A may lie on a unitarity bound. 
By omitting the correct Vy from ( |3.6|) we effectively discard states in the original Verma 
module which are null due to the value of A. Acting with the Weyl symmetry operator on 
the character of the reduced Verma module is equivalent to projecting out of the reduced 
module states which are null by virtue of which SO{d) representation they belong to. We 
may show that this prescription gives the same formulae for characters as found earlier. 

For definiteness we consider the case where ii = . . . = ip > |^p+i|, A^£i+d — p — 1, 
in even dimensions, d = 2r, although the other cases of interest are similar. 

For this case and in the notation of appendix C, consider the SO{2r) highest weight 
state |A + 1,£ — e^). The construction of such a state is non-trivial and in appendix C 
only the simplest such states have been constructed. Nevertheless we may write down the 
state in principle as 

I A + 1, £ - e^) = A^Vp- 1 A, + Yl >3v',i'Vy'\A, t) , (3.36) 

where Vyi ^ v' G {±6^} is the subset of Vi± which may be reached by applying SO{2r) 
raising operators to Vp- and + v' = £ — e ■ The subset Vy' may be easily determined 



from (|2.10| ) to be given by "Pi^, Vj- for 1 ^ z ^ r and p+1 ^ j ^ r. The complex numbers 



Ai, By' are determined by the condition that ( |3.36| ) be a highest weight state with respect 



to SO{2r) i.e. that all SO{2r) raising operators annihilate it. By the results of appendix 
C, for A above the unitarity bound this state is not null however when A = £i + (i — p — 1 
then |A + 1,£ — e^) = 0. This is equivalent to a conservation equation for the highest 

weight state |A,£)^'*'. 
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Now the modulus of Ai is non-zero despite £i = . . . = ip > \ip+i\- When A = 
ii + d — p — 1, so that (|3.36|) vanishes, then Vp-\A, t)^'^' may be expressed in terms of 
Vi+IA, f ), Vj-IA, f ) for 1 ^ z ^ r and p + 1 ^ j ^ r. Also, as 



, tpjf-i , . . . , -tj. 



0, 



1, 



,p-l 



(3.37) 



then applying such E--'^-^ to (|3.36| ) and using (|2.10| ), we have that for A on the uni- 
tarity bound then | A, f)*^'™', 1 ^ i ^ p — 1 may be similarly expressed in terms of 
P,+ |A,f ), Vj-\AJ') for 1 ^ z ^ r andp+1 ^ j ^ r. Thus, effectively the Verma module 
basis ( |3?^ ) becomes reduced so as to exclude Pi-, 1 ^ i ^ p. 



Acting with the SO{d) Weyl symmetry operator 211^ (see appendices A,B) on the 
character for the reduced Verma module yields the following formula. 



A',weW2 



w{A') 



(^) 



— S 



i+2r-p- 



£i+2r-p- 



1 ^ Tl 



(3.38) 



for £ = (£i. 



Er) and where now A' = (— Ao,£') are specified by 



Aq = -A' = -ii-d + p + l- J2 Yl 



n 



J- ' 



i' = i 



(3.39) 



reduces to ( |3.25| ). To see this note that x^'(x) in 



IS 



It is easy to see that 

non-zero only for f = (£i, . . . , £i, £i — 1, . . . , £i — 1, £p+i, . . . ,ir) i.e. for ij = k, k + 1, ... ,p 
for some 1 ^ k ^ p. 

To summarise: when the conformal dimension A saturates a unitarity bound the 
Verma module basis is reduced so as to exclude certain of the Vi±, Vq from ( |3.6| ). This is 
equivalent to conservation equations constraining the highest weight state. This subset may 
be determined in terms of the results of appendix C. Acting with the SO{d) Weyl symmetry 
operator on the character of the reduced Verma module then leads to the characters for the 
corresponding unitary irreducible representation. Explicitly, for ( |3.25| ) or ( |3.32| ) the subset 
to be omitted from (|3.6|) is Pi-, 1 ^ z ^ p, for ( |3.26|) the subset is "Pi-, 1 ^ z ^ r — 1 along 



with Vr- for or Vr+ for P[^/_|_^^_j^.^j_ while for (|3.34|) the subset is Pi-, 1 ^ z ^ 

along with Pq. 



,(2r) 



Special cases 
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We here illustrate these character formulae for the simplest cases of the 5'(9(3,2) 
and SO {4, 2) conformal groups and mention how special cases relate to conformal field 
representations. 



We have that, 



£ 



Ceix)^CPix) = ^^^, (3.40) 



is the character of SO (3) Verma modules and 

e+- —I 

T _ \ 

a;2 — x 2 

is the usual character for 5'0(3) irreducible representations. We have therefore thatj^ 



Xi{x) ^ xf (x) = C,{x) + Q(x-i) = ^ ; , (3.41) 



1 (3 42) 

pf3) (s,x) = s{x^ +x~^){l- sx)~\l - sx~^)~^ 

P[|ys,a;) = s^{l + s) (1 - sx)-\l - sx'Y^ , 



exhaust all characters of the unitary irreducible representations of 5*0(3,2). Analogous 
formulae are to be found in [|12| . 

For SO{4) ~ SU{2) ® SU{2) we have that 

^(?.i'2)(^i'^2) = C'j(x)Cj(y) , for£i=j+J, i2=j-J, xi = x^y^, X2 = x^y~^, 

(3.43) 

i.e. the Verma module character with dominant highest weight (^i, ^2) may be expressed as 
a product of two SU{2) Verma module characters with highest weights j, j. The characters 
of unitary irreducible representations of 50(4, 2) are given by. 



p(4) 

b+J+2;jJ] 



-^[A;jj](^'^'2/) = s^Xjix)xjiy)P^^Hs,x,y) , 

s,x,y) = [xj{x)xj{y) - sXj-i{x)Xj-i{y)^ P^^\s,x,y) , 

T^^Xi.j^+is.x.y) = {x]{x) - sxj-i(x)xi(2/) + s\^_i(x)) P^^\s,x,y) , 
[jji;j]_(s,x,2/) = {xj{y) - sxj_i(2/)xi(x) +s^Xj-i{y)) P^^Hs,x,y) . 



(3.44) 



p(4) 



^ In terms of the notation employed in these character formulae agree for x —> (5 , s ^ 
o? . In the nomenclature of Q, the representations ^[^V and ^[i^.q, correspond to the 'Di' and 



'Rac' singleton representations, respectively. 
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Here we have written P^'^^s, xi, X2) — > ^'•^■'(s, x, y) for xi, X2 as in ( p.43|) . This reproduces 
the results for character formulae in four dimensions found in H. Similar formulae are to 



be found in 13 



Free fields have conformal dimension £ + |(i — 1 and belong to the (£,...,£, ±£) repre- 
sentation of SO{2r) for any i G |N ind = 2r dimensions and the (£,...,£, i) representation 
of SO{2r + 1) for £ = 0, ^ in d = 2r + 1 dimensions |21[]. The corresponding characters for 



even dimensions are T>^i^^^_i.i^^{s,x) in ( |3.26|) along with V^^^'-^,q^{s,x) in ( ^.271 ) for the 
scalar case. For odd dimensions the corresponding characters are T'[^.'it^^(s,x) of ( |3.34| ) 
and 2^[':||^](s,x) in (PI. 

The characters ( |3.25| ) , ( |3.32| ) for the special case of p = 1 and £1 = £2 = ■ ■ ■ = ir = 
correspond to conserved symmetric traceless tensor-field representations of the conformal 
group, T^i...^^ = Tf^f^f^^.-./j-e = d'^^T/j^i-t^e = 0. These have conformal dimension 

d + £ — 2 in d dimensions and examples are the conserved vector current for £ = 1 and 
energy momentum tensor for £ — 2. 



4. Product formulae 

We now turn to the determination of the decomposition of products of unitary irre- 
ducible representations of the conformal group into other unitary irreducible representa- 
tions. 

Product formulae: four dimensions 

We illustrate for the 5'0(4,2) case first. For these purposes we first note a useful 
identity, namely, 

00 

p(^)(.,x,2/)= s'P+'^x^Jx)xiJy) . (4.1) 

p,q=0 

With ( [4.1|) we may now easily determine the products of unitary irreducible representations 
of the conformal group. Using the usual decomposition of products of SU (2) characters, 

j+f 

Xj^j'{x) = Xj{x)xj'{x)= Xq(x), (4.2) 

<i=\j-j'\ 

and (^T|), we notice that 

pf;|,^^.]^(.,x,y) = 5^«^+^+^x,+ i,(x)xi,(y). (4.3) 

q=Q 
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Thus we may straightforwardly determine that 

^ .,^7^(4) 



(oo 
Xj®j'(x) +^s'5(Xj+jv+ig(x)xig(2/) - sXj+jv+ig_i(x)xig_i(y)) 
a=l 



oo 



q = l 

(4.4) 

Similarly, using ([4.2D , ([4.3|), we may easily determine that, 



+ X, |/)pf^|i.^-]_(s, X, y) 

oo 

= s^+J+2p(s,a;,y)^s«(xj+ig(x)xj+ig(2/) - s Xj+ 1 i (x)xj+ 1 g_ i (y)) 



g=0 



(4.5) 



oo 



g=0 



Using (|4.2|) , (^4.3|) , we may also find that 



oo 



- (•^[A,,,+i' + igJ+lg](^'^'2/) +-^[i,,(,-i)®0'+ig_i)j+ig](s,X,y) (4.6) 

<j=0 

+ ^[f„,+,'+i,,0--i)«(i,-i)] y))^ A, = J + / + J+ g + 3 , 

and 

oo 

•^[A;jj](^'^'^)^[j'+l,j']+(*'^'2^) = Xl-^[A+j'+9+l;j®0' + ig)j®ig](^'^'2^) ' (^•'^) 

q = 

which exhausts all products involving I^|'j'^]^.^]_|_(s, x, y). Those involving 'D\^]^^,--^_{s,x,y) 
may be obtained by the exchange x ^ y above noting 



•^[A;j J] ^' ^) = •^[A-j,j] 2^' ^) • 

Similarly, using (^]3) directly, we have that 

oo 

•^[A;iJ] (^'^'^)-^[A';j',J'] ^) = Yl ^[A+A'+2p+g;j®j'® ig] ^' ^) ' (4-9) 

p,(7=0 
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We may note that each of these product formulae is compatible with the 'blind' partition 
functions, 

,(4) ^ ^ 



^[m+2;,,,](«^ 1^ 1) = (7ZT^((2^' + 1) - ^sjj) , (4.10) 

1, 1) = 2^f;i,,]_(., 1, 1) = ( - {2j + 1) + si2j - D) . 

As we see, the d = 4 cases are relatively simple when we use expansion formulae of 
the type (|4.1|) , ( [4 .31) to expand one of the characters in the product of two. The general 
cases which we consider now are also made simpler with analogous expansion formulae. 

Product formulae: even dimensions 

Useful for finding product formulae for the S'0(2r, 2) conformal group is the following 
expansion of P(s,x) in terms of SO{2r) characters, namely, 



p,q=0 

where 



P<-'(»,x)= 5;»*+'x<-' „,(x). (4.11) 

p,q=0 



X(g"o,...,o) W = Idetfa;,'^^ + x-^^]A{xi + xi-\...,Xr + Xr'^)'^ , (4.12) 
with ki = q + r — 1, kj = r — j, j > 1, for A(x) being the Vandermonde determinant, 

A{xi, . . . ,Xn) = Y\. (xj-Xi)- (4-13) 

The latter expression for the character comes from appendix B where also expressions for 
more general characters of SO{d) in even and odd dimensions are given. 

Analogously to (|4.3| ) we have for ( |3.26| ) that 

oo 

^^[?;Li;.]±(«.x) = E«'^'^^'"'x(S,A...,A±.)W ' (4-14) 

9=0 

which we prove in appendix D. 

More generally for the p = r — j case of ( |3.25| ) (note that ( [4.14| ) encapsulates the p = r 
case) we have, for i > ii > . . . > \£j\, 

^[£+r+j-l;l,£^,...,ij]\^^^) 

_ V V V J+^+j+i+pi+'-'+pj-^^c^"-^ 

■■■ * ^{e+q,£,...,e,£i+2h,...,£j+2i,)y^) ^ 
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which we also prove in appendix D. Note that the weights {i+q^ £i+2zi, . . . , ij+2ij) 

may he outside the dominant Weyl chamber, i.e. not satisfy ( |3.1j ), for particular i,£i. 
However for such weights we may use that x^^^\^) = sgn(w)x^?i!^^(x), for some w G W2r, 
to relate such characters to the character with dominant integral highest weight 



A notable simplification to (|4.15| ) occurs for the p = 1 case of ( p.25|) for ii = i, I2 



. . . = ir = which corresponds to conserved symmetric traceless tensor representations of 
the conformal group. In this case we obtain that, for d > 4, 

00 £ 
p,g=0 k=0 



We now discuss products involving the representations in ( [4.14|) which contain the 
'truncated' representations in ( p.25| ) for p = 1 namely, T>^i1^^2r-2 £1 e ]■ 



For (i = 6, for example, we may find using ( [4.14| ), ( p.25| ) for p = 1 and ( p.26| ) that 



00 

^ •^[i+l'+4:-{e,i,£)0{l',£',-£')](^^^) '^[£+£' +q+4-:£+£' +q.f.+£' .£-£'] (^^ ^) 

9=1 



(4.17) 



and that 

00 £+£' 

■^[^+2;^]±('^'^)^[^'+2;^']±('^'^) ^ '^[£+£'+q+4;£+£'+q,t,±t](^^^) ■ (4-18) 

q=Ot=\£-£'\ 

Here and in the following we are using the short- hand notation, for r = [^d], 

x\el,...,£,.)(g){£[,...,£'^)i^) = x\el^,,,^£^){^)x\el^,,,^£'^){^) , (4.19) 

in ^[A;|]('S, x). Of course (|4.19| ) may be decomposed in terms of SO{d) characters once we 
know how £ ^ £' decomposes into irreducible representations. 

More generally there is a distinction in such product formulae between the cases where 
the dimension is divisible by four or not so. 

Explicitly, we have for d = Am that 



'^[£+2m-l;£]+y^^-^) ^[^'+2m-l;^']- 
oo £+£' 

^ X] '^[£+£'+q+'lm-2-£+£'+q,U,U,t2,t2,...,t,^-i,t^-i,£-£']^^'^'^ 



(4.20) 

[£+£'+q+47n-2;£+£'+q,ti,ti,t2,t2,---,tr 

q=0 ti^e-i' 
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and 



^[£+2m-l-i]±y^^ ^) ^[i'+2m-l-£']±y^^ ^) 
_ J (4m) / \ 

- '^[e+e'+4m-2-{e,...,±£)^{e',...,±e')] ^) 

+ X] '^[e + £'+q + 4:7n-2■e + e'+q,£ + £',tJ_,tJ_,t2,t2,■■■,trr^-l,±trr^-l]^^'^^ 

q = l tiii\£-i'\ 

while for d = 4m + 2 we have that 



^[e+2m;e] + y^^ ^) ^[i'+2m-i']-y^^ ^) 

_ .(4m+2) / N 

~ •^[£+£'+4:m-(£,...,e)(g)(£' ,...,-e')]\^^ ^) 

oo £+£' 

j4m+2) 



^ ^[£+£'+q + 4:■m■,£ + £'+q,£ + £',tl,tl,t2,t2,■■■,trr^-l,trr^-l,£-£']y 



q=l t^^l-l' 



and 



oo ^+^' 

'^[£+2m;<?]±>^*'^^ '^[£'+2m;£']±>^*'^^ " ^ [£+£' +q+4m;£+£' +q,t:, ,t:, ,t2 ,t2 ,■ ■ ■,t,^ ,±trrr]y^ ^ ^) ■ 



(4.21) 



(4.22) 



g=0 ti;f\i~i'\ 



(4.23) 

,(2r) 



A special case of the previous is the product involving the character 'D^^^_^,^^ in ( |3.27|) , 
corresponding to a free scalar field, for which we have 



■^[r-l;0]('^' ^) ■^[£+r-l;£]±('^'^) ~ ■^[^+g+2r-2;£+g,^,...,±^] ('^' ^) ' (4.24) 

q=0 



Another special case of the above contains a result first found by Vasiliev |T^ which 
generalises a well known result by Flato and Fronsdal in three dimensions to even 
dimensions d = 2r. This result involves products of the representation corresponding to 
the free Dirac spinor, 



(2r) 

r-i i] 
' 2'2i 



(s,x) 

\ 2 2 ' 2 I \2 



2 '■ 

1 



,.(x))P(s,x) (4.25) 
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Using the above product formulae we may show that 

— ^•^[2r-l,0,...,0] 

oo 

+ 2^ (^[2r+9-l,9+l,l,l,...,l,0]('^'^) +^[2r-+g-l,g+l,l,l,---,l,0,0](s,x) 

q=o (4.26) 

+ ■ ■ ■ +^[2r+g-l,g+l,l,0,...,0,0]('^'^) +^[2r+g-l,g+l,0,0,...,0,0]('^'^)) 

oo 

('^[2r+g-l,g+l,ll,.--,l,l]'^'^'^) ^[2r+g-l,<j+l,l,l,...,l,-l] ('^' ^)) ' 

g=0 

regardless of whether d = 2r is divisible by four or not so. The latter matches Vasiliev's 
result. 

Product formulae: odd dimensions 

For SO{2r + 1, 2) we have that 

oo 

P'-«)(.,x)= J],^'-«x!::„t'>,„,(x), (4.27) 

p,g=0 

where 

xfg2Zo)i^) = idetfxi'^^- - x-^^]A{xi + xr\ . . . , + x/ 

with ki = q + ^+ r~l, kj = ^ + r — j > 1. 

From the results of appendix D, we have the following expansions for the free spinor 
case of ( p.34| ) and the free scalar case of ( |3.33| ), namely, 



(4.28) 



^';S"(^-)-E»'-x||;«>j i,(x). (4.29) 

for the free spinor case and 

oo 

i'rt;i(».-)=E»''"'-*x<r„t",„,(x). (4.30) 



q = 

for the free scalar case. 



For ( |3.32| ) and p = r — j we have that, for £ > £i > . . . > i 

(s x) 



5P1 ^Pj 



J+r+j+q+t+pi + ...+pj {2r+l) f . 

••• * ^(i+q,£,---Ah+2ii,...,ij+2ij)y^) ^ 



(4.31) 
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which we show in appendix D. Again, the weights {i + q,£, . . . ,£,ii + 2ii, . . . ,ij + 2ij) may 
he outside the dominant Weyl chamber, i.e. not satisfy ( p.2| ), for particular For such 
weights we may use that x^^'^~^^\'^) = sgn(ti;)x^?J^''"^'*(x), for some w G W2r+i, to relate 
such characters to those with dominant integral highest weights i'^ . 



Just as for even dimensions in ([4.16| ) a simplification to ( [4.31|) occurs for the p = 1 
case of ( p:32|) for £i = £2 = • • • = = for which, 



jyi^r+l) , , _ e+2r+2p+q-l (2r+l) . , . . 

p,q = k=0 



Regarding products of free representations, we may determine that, using (|3.32| ) for 

p = l, 

00 

+ Yl (^[2r^g;g+l,l,...,l]'^*'^) +^[2r+g;g+l,l,.-,l,0]'^*'^) + ' ' ' + ^[2r+g;g+l,0,...,0] ^)) ' 
q=0 

(4.33) 

and 

q=0 

along with 

00 

i'frt;^,(^.x)i'[.^:t;i(»,x) = E<:,'-.,„o.,o,(».-) . (4.35) 

q=0 

which generalise similar formulae obtained in to odd dimensions. 



5. Partition functions 

As a partial check of the character formulae corresponding to free fields, we will 
compare them to partition functions which have been obtained by various authors in 
conformally invariant theories on 5"^ x S'^~^. For these cases, the single particle partition 
function for a local free operator F may expressed by 

oo 

Y^'\s) = J2n^^ls^o+,^ (5.1) 

q=0 
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where n^^^ enumerates the descendants of F in the flat background M*^. For even d, the 
form ( f4.14| ) for the character formula corresponding to such free fields allows us to obtain 
Yp'^^ (s) directly when we set Xi, . . . , xi^ = 1. Thus we easily find that 

oo 

>^if(«) = E4'i.«'+^'^+^-^ (5.2) 

q=0 

where for i ^ (from appendix B) 

(5.3) 

while for the scalar field 

(d) _ (d) -.X 

^S,q - ^{q,0,...fi)\^^ • • • , J-J 

_2q + d-2 fq + d-2\ (5-4) 
" q + d-2 V ? ; ' 

which is the dimension of the rank-g symmetric traceless tensor representation of SO{d). 
(This agrees with a similar formula in ^^.) For chiral Weyl fermions we find, from ( |5.3| ) 
for £ = i, 

41^ = ^^''^(^ + l)iq + 2)...iq + d-2). (5.5) 
Similarly for the ^d-form field strength, from (|5.3| ) for ^ = 1, 

Note that it may be easily checked that these occupancy numbers agree with those obtained 



m 



15(1 . for (i = 4, 6 (where for d = 4 then Yy^}{s) + Yy^}{s) is the single particle partition 



function of the Maxwell field). 

For bosonic F the multi-particle partition function is given by 



oo ^ oo 

z(,^)(.)=exp(^iy/)(.-)) =n(l-«^°+^)-"^''^, (5-7) 



n=l q=0 

while for fermionic F it is given by 



oo ^ oo 



n=l q=0 
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It is easy to check that (^.7]), (|5.8|) for the scalar, Weyl fermion and field strength cases 



above match the results of [|T5[ for (i = 4, 6. 

Performing the summation in (^]^) for the scalar, Weyl fermion and ^d-form field- 
strength cases we find 

Y^'\s) = {s + 1) 



(5.9) 

(where F{a,b;c;x) is the usual hypergeometric function) which may be read off directly 
from ( |3.26| ), ( |3.27| ) for Xi = 1. This form may be directly compared to similar results in 
||16|| whereby the formulae agree for the scalar and Weyl fermion cases. 

It is not difficult to compute the first couple of numbers (|5.6D for the self-dual r = 
form field strength which we denote by -Fu^...^^ = *F^^^^^^^. For g = this number just 
counts the number of independent components in -Fu^...^^. Anti-symmetry in the indices 
implies (^^T) independent components which is reduced by a factor of a half due to self- 
duality. For q = 1 (|5.6D counts the number of first-order descendants, ^^-Fu^...^^. This will 
be r (^^'^) less the number of constraint equations = which is {^^^]^- 

As a further example and check of our formulae, we consider the single particle parti- 
tion function for rank-£ symmetric traceless tensor fields T^^...^^ satisfying the constraint 
equation = 0. The appropriate character formula in this case is given by ( [4.16|) . 

The corresponding occupation numbers, for n^^^ ^q,^ ( p.2| ), are given by 

Nq,i =(^q{d-2){2£ + d-3) + {d - + d - 3){2i + d - 2)^ 

1 re + d-4\ rq + d-2\ (^-^o) 

{d-l){d-2){d-3) V £ )[ q )■ 
To see this we may use ( |4.16| ) to write 

Ih] £ 

Nq,i = J2^q-2^,i for V = ciim( 0,. . .,0) ) " (5-11) 

i=0 k=0 

Using the dimension formula in appendix B we may find that 

tq^^ = (i + q + d~3) (4iq + {d - 3){2i + 2q + d - 2 

+ d-4\ f q + d- 



X 



(d-2)(d-3)2 \ £ J \ q 



5.12) 
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and thence obtain ( |5.1C1| ) from ( ^.111) . 

Again it is not difficult to check that the first couple of numbers agree with expecta- 
tions. We may easily show that A^^^o = dim(X^^^Q q^) given in ( pT^ ) as expected. Also we 

may easily show that A^^i = (idim(x|^Q — dim(T|^^-|^ ^ which is the number of 
first-order descendants ^^T^...^,, reduced by the number of constraint equations coming 
from the conservation condition. More generally 



^ r ') ^'-(^s.-.".' -{'t'li • 



which may be easily seen as the descendants at level q are given by d^^d,^^ . . . d^^T^^^ 



whose number of independent components is given by the first term in (|5.13|) which is 
reduced by the number of independent components in d^^d^j^ . . .djj^_^d^^T^^,,,^^ which 
vanishes by conservation. 



More generally, we may use ( [4.15|) in even dimensions and (|4.29| ), ( [4.3C1| ), ([4.31| ) in 



odd dimensions for = 1 to determine the occupation numbers in the single particle par- 
tition function corresponding to fields whose conformal dimension saturates the unitarity 
bounds (p?8|), (p?9|). As mentioned before these are fields which satisfy certain conservation 
conditions which determines the particular unitarity bound. 



Rotating quantum fields in an AdS^+i background have been considered in |]T^. Here 



the modes of a quantum field are supposed to have energies E and angular momenta ji 
where i = 1, . . . , For the boundary conformal field theory on M x S'^~^ the energies 
are related to the conformal dimension of conformal fields and their descendants via i? = A 
assuming that the sphere has unit radius while ji correspond to SO{d) eigenvalues. Making 
the identification 

s = e"^, Xi = e^^\ (5.14) 

where (3 = for T being the temperature and denote chemical potentials for an- 
gular momenta, then it can be shown that the one particle boundary partition function 
g-/3(E-niji) g^j^^ character formula for the conformal field coincide. For instance, for 
a free scalar field, the character formula ( p.27 ) obtained here agrees with the corresponding 



single particle partition function for the boundary conformal field theory obtained in [p l 
when we make the identification (|5.14| ). 
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Appendix A. Character formulae for infinite dimensional irreducible modules 
of semi-simple Lie algebras 

In this appendix we outline some results on character formulae of relevance for the 
main text. First we give basic definitions and notation. 

The Weyl group W is generated by mappings Wq,, for a being a root, which on weight 
space give 

M;a(A) = A- (a^,A)a, a^ = 2a/(a,a). (A.l) 

For A = /3, another root, then Wa{(3) is a reflection of (3 with respect to the hyperplane 
through the origin and perpendicular to a. Here (A, n) denotes the usual inner product on 
weight space between A and fx. (In the Dynkin basis this is given by (A, fx) = J2i j KGijfXj 
where A^, are Dynkin labels and [Gij] is the quadratic form matrix.) Any w E W may 
be decomposed in terms of simple Weyl reflections Wi = Won , for ai being the simple roots, 
as w = Wi^ ■ ■ ■ Wi^ for some n which is generally not unique. However the signature of w 
deflned, in the present case, by sgn(w) = (—1)"^ is uniquely deflned. We denote by £(w) 
the minimum number of Wi in the composition of w. Clearly sgn(i(;) = 

The Weyl group divides the weight space into a family of open sets called Weyl cham- 
bers. These are simplicial cones deflned by 

n^ = {X:{a^'',w{X))>0, l^i^r}, (A.2) 

for w G W. The number of such equals the order of W, |W|. The weights lying on the 
boundary of the Weyl chambers are the points on the hyperplanes perpendicular to the 
roots (tti^, w(A)) = 0. In terms of Dynkin labels these are the weights having at least one 
vanishing Dynkin label. 

The Weyl chamber corresponding to the identity of the Weyl group Hi is the funda- 
mental or dominant Weyl chamber. In terms of Dynkin labels the weights in this chamber 
have strictly positive Dynkin labels. If all the Dynkin labels are non-negative and/or 
integers then we say the weight is dominant and/or integral. 

Suppose we have some Lie algebra module Va having highest weight A. The deflnition 
of the corresponding character we use is 

CharA = muhy^ (A) , (A.3) 

AeVA 

where multvA(A), multvA(A) = 1, denotes the multiplicity of the weight A in the weight 
system of Va. This is to be interpreted as a function on weight space satisfying 

e^e^" = 6^+^" , e^(^) = e^^'^^ . (A.4) 
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Under the action of the Weyl group, for w G W, 



w{e^) = e'"^^) . (A.5) 

For a unitary group and with multy^ (A) always finite we may recover a trace formula 
for the character by normalising each vector vx G Va corresponding to the weight A so that 
{vxlvx'^ = 1. Then we may write, 

CharA^u) = Yl {vx\vx)e^^'^^ = Tr{e^^'^^) , (A.6) 

vxEVa 

where {H,n) = j HiGij fij in the Dynkin basis, for example, for Hi being Cartan 
subalgebra elements with Hi\vx) = Xi\vx)- 

As an example, consider a Verma module Va with basis Hae* -^a"" |A)^^ ^or 
being negative roots and ria being non-negative integers. For fixed then the corre- 
sponding weight A(^^) = nacx has unit multiplicity in the weight system of Va- 
Thus we may write the character for the Verma module as 

Ca= e^'""' = n (1 - ^")"' ■ 

Note that a given weight A has multiplicity given by V{A — A) where counts the 

number of ways in which the weight /i may be written as a linear combination of positive 
roots with non-negative integer coefficients. 

We may easily also show that 

m;(Ca) = sgnHCA» , A'' = w{A + p) - p , (A.8) 

for any w G W. 

The character xa of an infinite dimensional irreducible module Ia of a semi-simple 



Lie algebra has been written down long ago For the highest weight A not being 

dominant integral then Xa is infinite dimensional. Otherwise Ta is finite dimensional and 
the character is given by the well known Weyl character formula. Before we give the 



result of ITlI] we quote a number of results which give insight into the structure of infinite 



dimensional irreducible modules. 



Concerning Verma modules (which in [|TT| are called 'elementary representations 



the first result we recount is that if A'^, w ^ W is not a weight of Va then Va itself is 
irreducible. This is the simplest case and an example is for SO{3) with i being a 
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negative half integer. We now give the conditions for Va to contain sub-modules Va' and 
so to be reducible. 



We define a partial ordering on weights so that A' ^ A if and only if A — A' = 11 
for some 11 = J2ae^+ P'^'^ being non-negative integers, not all zero. A necessary 

condition for a Verma module Va to contain a sub-module Va' is that A' = A"" -< A for 
some w G W, w ^ 1. A crucial result is a theorem in which proves that a necessary 
and sufficient condition for Va^^ to be a sub-module of Va is that there exist a sequence of 
positive roots /9i , . . . , (3k such that 



w 



Wf3^Wf3^...Wf3^ , {Wf3^^ ,Wp^^^Wp^^^...Wi3^{K + p)) /c = 1, . . . , , (A.9) 



where we define wpj^^-^ = 1. For A being a dominant integral weight then condition (|A.9| ) 
holds for all A"', w G W. This justifies the claim made in this paper that for A being 
dominant integral then A"' is a highest weight in Va for every w G W. 



A key result proved by Verma |]2^ and recounted in is the following. A Verma 
module contains those and only those irreducible representations 2a' for which Va' is a 
sub- module of Va- Furthermore it contains Xa' at most once. 

This results in the following formula for characters, 

Ca = Xa+ Y1 ^A"' ^^-10) 

lue w 



where the sum runs over all w for which (|A.9|) holds. 

Using these results and formulae for multiplicities of weights determined for Verma 



modules in terms of the function V{n) above a formula has been given for xa ™ |]Tl|- This 
may be rewritten in the equivalent form 



Xa=Ca+ ^ 7a^"Ca», (A. 11) 



uj6 W 
A^" -;A 



where each w satisfies condition (|A.9|) and where the integers 7a™ are determined by a 
recurrence relation as follows. 

Consider a sub-module Va-^ of Va so that there is no other sub-module V^^' of Va 
containing Va^^ in turn as a sub- module. Then in this case 7a = — 1- 

For a sub-module Va'" of Va which is in turn contained in the sub-modules Vy^„' of 
Va, then in this case 

7A- = -5^7a-' -1, (A. 12) 
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which determines 7a in ( |A.ll ) recursively. 



A simple example illustrates this formula. Consider Sis whereby, for a weight A = [a,b] 
with Dynkin labels a, b, the simple Weyl reflections are given by 

wi{[a,b]) = [-a,a + b], W2i[a,b]) = [a + b, -b] . (A.13) 

The ^3 Weyl group elements consist of {1, wi, W2, wiW2, W2W1, Wa} where Wa = W1W2W1 = 
W2W1W2 is the Weyl reflection corresponding to the root a = ai + a2- The shifted Weyl 
reflections are given by A^ = A, A^^ = A - (a + l)ai, A^^ = a - (6 + 1)^2, A^^""^ = 
A-(a + l)ai-(a + 6 + 2)a2, A'^^^'^ = A- (a + 6 + 2)ai - (6 + 1)^2, A'"" = A-{a + b + 2)a. 
For ^ denoting a vector in the —ai direction of length a + 1 and \j denoting such in 
the — 0^2 direction of length 6+1 then we may represent the weight system of the Verma 
module Va diagrammatically as follows 

A 



\ / 



(A. 14) 



/ \ 

^\W2 ^2W\ 

\ / 

assuming A is dominant integral and where we have omitted any other weights occurring. 
In computing xa«'i , for example, we have that Va»i«'2 and Va'"2'"i are both sub-Verma- 
modules of Va»i with 7a"'i"'2 = 7a'"2'"i = —1. Also Va-^^ is a sub- Verma- module of both 
the latter and so 7a = — (7a'"i"'2 +7a"'2"'i ) — 1 = 1. Thus xa""! = Ca"'! — Ca"'2'"i — Ca^'i'^2 + 
Ctv-^c . In fact for all A' = A"" it is easy to check that xa' = Ca' + X] "'^53 sgn(ti;)CA'» . 

A"" ^A' 

Other properties of Xa which are useful for what follows concern symmetry under 
Weyl group reflections. For all Dynkin labels A^ of the weight A which are non-negative 
integers then the sub-group W" generated by the corresponding simple Weyl reflections 
Wi is the maximal symmetry group of the weight system of Xa. Furthermore V^„' is a 
sub- module of Va for all w' G W, w' ^\ (since all w' satisfy condition (|A.9| )). In terms 
of characters we have that ty'(xA) = Xa for every w' G W. 

For A being dominant integral then this symmetry group is of course the Weyl group 
itself and W" = W. In this case we from ( |A.11|) that 



XK=Y. sgnHCA- = n sgnHe'"(^+^)-^ (A.15) 

luew a6$_ luew 
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the usual Weyl character formula. This follows as symmetry under W determines 7a = 
sgn(w) in this case. Using ( |A.8| ) we may find that the Weyl character may be rewritten as 



XA=Y1 HCA)=mCA). (A.16) 

wew 

Due to the invariance of Xa under the action of any w E W then the Weyl symmetry 
operator 21? defined by (|A.16| ) is obviously linear and idempotent on the vector space 
spanned by the characters of the Verma modules, 211^ = |W|22J. 

Denoting by / the subset of labels for which A^, i G /, are non- negative integers, 
supposing we find that every sub- Verma- module highest weight A'^ , w" E W may be 
written in the form A'^ = A'^ w E W, w' E W for A'^i, i E I being non- negative 
integers or A^i = — 1 for some i E I. We claim that the weights A^ -< A are given by the 
disjoint union of the weights A'^ for every w' E W . For the cases of A^^^ = — 1 then the 
C^«j'™, w' E W cancel among themselves in xa- 

Under this assumption (which holds in the cases considered in this paper) then using 
( |A.11|) we may write for the character 



XA 



C\ '\~ ^ ^ 7a™' ^A™' ^ ^ 7a'"'™^A"'''" ' (■'^■■^'^) 



where the sum runs over only those w E W which satisfy ( |A.9| ) and for which A'^i, i E I, 
is a non- negative integer or —1. Using ( |A.8|) and w'{xa) = Xa^ w' E W and the claims 
proved below we may show that ■jj^^' = sgn(w'), 7y^„'„ = 7A™sgn(w') and that the C^™'™ 
for which A^j = — 1 for some j E I cancel among themselves. It is then left to determine 
the by the recurrence relation mentioned earlier. 

We now show that for some arbitrary weight A which has Ai, i E I being non- negative 
integers that this is the unique weight among A'^ , w' E W having this property. Clearly 
under these assumptions (A'^*)^ = (a^^, A'^*) = — A^ — 2 is negative for i E I. Since W 
is generated by all Wi, i E I, then we may consider all w' = Wi^ . . -Wi^, ij E I such that 
£{w') = n. Denoting by $_(-' all those positive roots formed from linear combinations of 
the subset of simple roots ct^, z G /, then we have the result that £{wiw') = £{w') -|- 1 if 
and only if w'~^{ai) E In this case we have that (A"'"'" )i = — (a^, A -|- p) — 1 where 

a = w'~^{ai) E Since (a^,A-|- p) ^ then (A^^"'')^ must be negative. Hence all 

A^ , w' E W, w' 1^ have at least one of A'^ i E I which is negative. 

If some A'"''" = A"'" for some w' , u' E W and with A'^i, A^i ^ 0, i E I, then clearly 
we may write A" = A" which contradicts the above unless u = u' = w'. Thus 

any two sets of such weights {A^ w' E W'} and {A"' w' E W'} for w u are disjoint. 



The argument for this is similar to one given in 
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If for some weight Aj = —1 for some j & I then A^^ = A since (a^^, A'^ + p) = 0. 
We claim that the only A'^ for w' G W" which equal A in this case are those for which w' 
is composed of the Wj. For simplicity we consider the case when A-,- = —1 and otherwise 
Ki is non-negative for i E I. In this case if A'^ = A then clearly A'^^"' = A so that, for 
a = w-^{aj), (A'^^"'')j = -(a^, A + p) - 1 = -1 by assumption. Thus (a"^, A + p) = 
which is only the case if a oc aj. The only roots with this property are ia^ so that 
w' = l^Wj. Also this implies that, for w',u' G W", A'^ = A^ if and only if u' = w' or 
u' = w'wj. The generalisation is clear. 



Appendix B. Weyl character formulae for SO{d) 

We now consider SO(d) character formulae. We define the variables Xi = e^^(//) = e^' 
for some arbitrary weight SO{d) fx = J2l=i f^i^i- 

For SO{2r) the action of the Weyl group, W2r = Sr t< , on weights in the or- 
thonormal basis is given by Sr permutations on the labels followed by reflections involving 
an even number of sign flips in the labels. This means that for Q = Pi ■ ■ ■ Pj G where 
Pi{li, . . . . . Ar) = . . . , — . . Pi^ = 1 then the number of pi in the composition 
of g is even and sgn(^) = 1. Using that 

J2 sgn(a)x^(i)^i . . . x^^r/"- = det[x/^] , (B.l) 



and the restriction mentioned on g E then [25 



r 

W2r[l[ x/^) = idet[a:,^^ + xr'^] + ^det[x/^ - x^^^] , (B.2) 

for 22J2r denoting the SO{2r) Weyl symmetry operator. For some highest weight I = 
Yll=i ^i^i the corresponding Verma module character is given by, 

)(x) ^(p) =nx/^ n (i-e("^^-'^))-^ 



i=l 



where Q!ij,± = — e^ ±ej, 1 ^ i < j ^ r are the negative roots and A(x) is the Vandermonde 
determinant (|4.13| ). Using the fact that A(xi + xi~^, . . . ,Xr + Xr~^) is left alone by 
any ga E Sr i>< then we have quite simply that the Weyl character of the irreducible 
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representation with dominant integral highest weight I (given by X'l'^^ (x) = ^2r{C^^^^ (^))) 
reduces to 

xf'^(x) = \{<let[x,^^ +a:r^1+det[x,^^ -xr^1)A(xi+xi-\...,x, + x,-i)-S (B.4) 
for ki = £i + r — i. The dimension of the irreducible representation is given by 

dim(jf-^) = 2'-^n n i^^-^J+J-m+^J + '^r-^~J). (B.5) 

For SO{2r + 1) the action of the Weyl group, W2r+i = iS^. x Z'', on weights in the 
orthonormal basis is given by Sj. permutations on the labels followed by reflections involving 
any number of sign flips in the labels. Using ( [B.lJ ) we therefore have that [p5| , 



r 

2Il2.+i(n^^'^) =det[x^ -xr'l, (B.6) 

i=l 

for 2IJ2r+i denoting the SO{2r + 1) Weyl symmetry operator. This time for some highest 
weight I = J2l=i ^i^i corresponding Verma module character is given by, 

i=l lf^j<k^r,e=± l^Z^r 

r 

= ]^Xi^'+2+''~* A(X1 + . . . , Xr- + Xr~^)~^{xi2 - Xl~ ^ . . . {Xr^ - Xr~^)~^ , 

(B.7) 

since — e^, 1 ^ i ^ r are the weights of the extra negative roots in this case. Using that 
A(xi + xi~^, . . . ,Xr + Xr~"'^)~"'^(xi^ — xi~'^)~^ . . . {xr^ — Xr~'^)~^ is left aloue by any 
po" G 5^ K then the Weyl character of the irreducible representation with dominant 
integral highest weight I is given by, using ( p.6| ) and (p.7|) , 

= detfxi''^ - Xi~''^]A(xi + xi~\ . ..,Xr + x,.~-^)~-^(xi^ - xi~^)-i . . . _ Xr~^)~^ , 

(B.8) 

where ki = li + ^ + r — i. The dimension of the irreducible representation is given by 

dim(Jr+^)) = n ^ (2£. + 2r + 1 - 2z) 

^=1 (B.9) 
X n (^^-^J+i-0(^^ + ^J+2r^-l-^-J)• 
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Appendix C. Unitarity bounds 



Descendant states have bases, for p = 0, 1, . . ., 



v — i£,0 
l^i^r, e = ± 



for Uy being positive integers (with uq = for SO{2r)) and £' being a weight in the weight 
system of the module of SO{d) with highest weight i. For p = the norms of corresponding 
states are strictly positive for i' being weights in the SO{d) irreducible representation with 
dominant integral highest weig ht i and |||A,f)|| = (A,£'|A,£') > 0. 

Examining the simplest descendant states with basis iS*-^-' then these have SO{d) 
highest weight states 

7^rf = {|A + l;£ + y>}, (C.2) 

where v = eei along with v = for d = 2r+l, these of course occurring in the decomposition 
of the product between the vector representation and the representation with highest 
weight i into irreducible representations, ei ® £ = 0^ £ © v. Remarkably, most of the 
restrictions necessary for the states in Tid to have positive definite norm are sufficient for 
the unitarity constraints to be satisfied for all descendant states in B^p^ - also conjectured 
2^. 



m 



The simplest states in TCd may be constructed explicitly and are 
|A + l;£ + ei>=Pi+|A;£)^-"-, 

|A + l;£ + e2> = (-2z(£i -£2)P2++Pi+i?r2+)|A;£>^-"-, 

|A + + 63) = ( - 4(£i -is + l){i2 - is)Vs+ - 2i{li - £3 + l)^2+£^23^ 

+ (£2 - ^3 + l)Vi+E^+E-+ - (£2 - h)Vi+E-+E-+)\^-t)' 



(C.3) 



which are all annihilated by SO{d) raising operators. Using the conformal algebra and the 
unitarity conditions, the norms of these three states are given by. 



|A + l;£ + ei>f = 4(A + £i)|||A;£)f , 

|A + l;^ + e2>f = 16(A + £2 - 1)(4 - ^2)(4 -^2 + 1)|||A;£) 
|A + l;£ + e3)f = 64(A + £3-2)(£i -£3 + l)(£i -£3 + 2) 

(^2-^3)(^2-^3 + l)|||A;£>f , 



(C.4) 



X 
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and for these to be strictly positive this places obvious restrictions on A. Other examples 
which may be readily achieved are, for SO{3, 2), 

I A + 1; £ + 1) = Pi+ 1 A; £>^-"- , I A + 1; = (-2z£Po + Vi+E^)\A; l]^'""- , ^ 
|A + 1;£-1) = (2£(2£-l)Pi_ -2z(2£-l)Po£^-+Pi+(E-)2)|A;£)^-"-, 

for which the norms are 

|||A + 1;£+1)||' =4(A + £)|||A;£)f , |||A + l;£)f = 8(A 1)|||A;£)||' 
|||A + 1; £ - 1) II' = 16(A - I - l)f{4f - 1) |||A; £>||' . 

(C.6) 

Another important example is for 5'0(4,2) whereby along with (|C.3| ), for i = (ii,i2), we 
also have 

I A + 1; £i, £2 - 1) = {-2i{h + l2)V2- + Pi+£;r2") I A; it'"- , 

I A + 1; £1 - 1, ^2> = ( - 4(£? - - 2z(£i - £2)^2+^1-2" (C.7) 

for which the norms are 

|||A + l;£i,£2-l>||' = 16(A-£2-l)(^i+^2)(4+^2 + l)|||A;£)||', 

|||A + l;£i-l,£2>f = 64(A-£i-2)(£?-£2)(£^_£^ + l)(£^ + £2 + l)|||A;£>f . 

(C.8) 

Constructing other such elements of Tid is cumbersome. We here outline a simpler 
procedure for finding the unitarity constraints for B^^\ The norms of the highest weight 
states in Hd are more generally given by, 

|||A + l;£ + v>f =(A + <7f)/f , (C.9) 

where the functions f^^^ are strictly positive for i being strictly inside the dominant Weyl 
chamber, ( p?T|) or (|3.2| ). We have that, assuming that £ is strictly inside the dominant 
Weyl chamber, 

K;i_|A + 1;£ + v) =0 A + ^f^=0, (C.IO) 

which is in turn implied by the state |A + 1;£ + v) being null. As an aid to solving (|C.10| ) 
we extend the definition of B^^^ in (|C.1| ) and consider i' G Vi (the Verma module with 
dominant integral highest weight i). Consider the following highest weight states with 
respect to SO{d), namely, 

|A + l;r-+ei) =Pi+|A;r->, /Ci_ | A + 1; + e^) = A + = , (C.ll) 
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where Wv are such members of the Weyl group Wr for which 

+ ei = (£ + «;,-i(ei))"'^ = {£ + v)'"- , (C.12) 

for some v = eej for e = ±.i Thus the states (|C.11|) are related to those in Hd by the 
action of SO{d) fowering operators on |A + + v).lll Also, /Ci_ commutes with all such 
lowering operators so that the conditions ( |C.10|) and (|C.11|) should be identical. Thus, 
using ( |3T4| ) (for ei = e, a(l) = j), 

^(ee,) ^ ^-.c, ^ + _ 1) 1^ _ + 1 ^ (C.13) 

determining g^^\ v in ( |C.9|) for the states in Hd- 

To deal with the state | A + 1; ^) G 7i2r+i for SO{2r + 1, 2) we first note an interesting 
observation. Consider the state |A + l;:^ + e^_|_i) G 7i2r+2 which is given by 

|A + l;£ + e,+i) 

where a permutes (i z + 1), . . . , (r r + 1) and A^, Bg^i^^ are determined from the requirement 
that E^2~ T ■ • E^^+i annihilate the state {E^^_^-^ automatically annihilates it). Defining 

^(^1, = A(^ii,...,e^,o), B(i^^,,,^i^)^i^a- = 5(£^,...,£^,o),i,<7, then we claim that |A + G 
H2r+i is given by 

where now cr permutes [ii + l),...(r). This follows when we show that the con- 
ditions on Ae.Bi^i^a^ arising from E^-'^^, E^, 1 ^ i ^ r — 1 annihilating ( |C15| ) are 
exactly equivalent to those on Ai^Bi^i^^ arising from -Ej^^^, E^~j^^, 1 ^ z ^ r — 1 
annihilating ( P.14|) for i^+i = if we identify Vq with Vr+i and E~ with i?~^t|_i. 
We have that [/Ci_,P,+i+] = -2iE^+_^^ = {-2iy-^[E^+ , . . . ,[E;+,^, E;+_^j] . . .] and 
[/Ci_,Po] = -2iE- = {-2iy-^[E-+, ^, E-] . . .]. Due to this and as = 
-4(£i,.../,,o), = S(£^^..._^^^o),i,<T then /Ci_ annihilating (|(J.14| ) for 4+i = re- 

sults in the same equations for A as for /Ci_ annihilating ( |C.15|) if we identify E~^-^ with 
E-. Thus, from ( lOTsD for j = r + 1, e = +, ir+i = 0, 

/Ci_|A-M,£) =0 gf^ = -r. (C.16) 



^ Note that for SO{2r + 1) the vector v = is not on the Weyl orbit of ei - we need a 

; approach to deal with this. 
For instance, we have that \ A-\-l\t''^'^+e^ 

{£2,ii,. ■ .) and with |A+1,;£ +§2) given in ( |CJ| ). 



different approach to deal with this. 

7 For instance, we have that \A+l-r^^+e^) = {E-^-^Y^-^^\A+l; i+e^) ior ai2{ii, £2, ■ ■ ■) 
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Now that we have determined g^^^ in ( P.9| ) to be given by ( |C.13| ) and ( |C.16|) , we 
may determine the unitarity bounds for states in B^^\ the simplest descendants. For 
Hd and ii = . . . = £p > \ip+i\, p ^ r — 1 then we have that /j^'* = in (|C.9| ) for 

V = — ei, eej, ep, j = 2, . . . , p — li and that 

A ^ msix.{-g'f'\ -9[~''^\ -gp\-g[~'''\ p + 1 ^ j ^ r} U {-gf^ for d = 2r + 1} 

(C.17) 

which matches the first requirement in ( p.8| ) . At the unitarity bound A = ii+d — p — 1 
then aU the states | A + 1; £ + v) for v = — ei, eej, 2 ^ j ^ p in Hd are nuU. 

In even dimensions, for ii = . . . = ±ir for 7i2r then we have that fg^"^ = in (|C.9| ) 
for V = — ei, eej, ie^-, j = 2, . . . , r — 1 

A ^ max.{-4''\ -4^'"^} = £i + r - 1 , (C.18) 

with in addition the state | A + 1; =F e^) being null at the unitarity bound. 

In odd dimensions, for £i = ... = ir > ^ for 7i2r-+i then f^^^ = in ( |C.9| ) for 

V = — ei , SBj , er , i = 2, . . . , r — 1 and 

A^max.{-r7f \ -^-^'-^ -gf^} = i, + r, (C.19) 

with in addition the state |A + — e^) being null at the unitarity bound. For ii = . . . = 
Ir = \ then = in ( |C.9| ) for v = — ei, ee^, j = 2, . . . , r and 

A ^ max.{-r7f -gf] = r = [^d] , (C.20) 
with the state |A + being null at the unitarity bound. 



Appendix D. Expansion and product formulae 

In this appendix various formulae from section four are proven. We make use of a 
simple property of the function P^'^\s,x.) defined for d = 2r in ( |3.19|) and d = 2r + 1 in 
( p.30|) . Under the action of the Weyl symmetry operator QU^ (defined in appendices A,B) 
it obeys 

2nd(/(.,x)p(^)(.,x)) =2n4/(.,x)) P(^)(s,x), (D.l) 

* Here and in the following, this is because the corresponding states |A + 1;;^ + v) for i 
being on the boundary of the dominant Weyl chamber are null as SO{d) representations. 
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for any /(s, x), as P^'^^ (s, x) is invariant under the action of any element of the SO{d) Weyl 
group, Wd- Note also that Wd has no effect on the variable s. 



We discuss the even dimensional cases of ( [4.1ip , ( |4.14| ), ( [4 .151 ) first. For p.l4| ) we 
have that, 



oo 



q=0 g=0 (D.2) 

which follows just by the definition of the character of the irreducible representation ( p.4| ) 
in terms of the Verma module character (|B.3|) . Using ( p.l| ) then (|D.2D may be rewritten 
as 



=2 

^{£—ni- ,i+n2+ —n2- ■ ■ ,±(-+nr+ —rir- ) 



^ ,+,_l^(2.)( y (_,)n (2.) (D.3) 



"i_ ,"j+=0,l 
0<n=> n,vS:2r — 2 



For n > in ( |D.3D we may use 

to show that the contributions for given n reduce to a single one from 

x\ej..,e,i-i,...,i-i,±e^zi) (x) , (D.5) 
T 

TL^^ position 

with all contributions for n > r vanishing. Hence we have that ( p.2|) reduces to 
'^[f+r-i i]±is:^) defined in ( lOel ) thus proving ( p^ . Notice that ( plD is a spe- 
cial case of ( [4.14] ) when we take £ = in the latter (whereby, as mentioned before. 

We may prove (|4.15|) in a very similar way. The sum on the right hand side of ( [4.15| ) 
may be reduced to 

r 

i=r—j-\-l 
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in a similar fashion as (|D.2|) , when we perform the sums over pi, . . . ,pj,q. This may be 
rewritten using ( p.l| ) as 



' — J 



{i,...,£A,...,e,)\^) 



i=2 



■srx 



(2r) 

{l—ni- ,£+n2+—n2- ,---,i+r 



'r — j + 



(x). 



"i- ,"j+=0,l 



(D.7) 

For similar reasons as before, for n > the contributions for given n reduce to a single one 
from 

^^"■^ (D.8) 



A.{t,...,t,t-l,...,t-l,t-i^,...,tj) l^J 5 



SO that (P.7|) equals ^£^](s,x) in (|3.25| ) for p 



r-j. 



Turning to the odd dimensional cases of (|4.27| ), (|4.29|) , (|4.30|) , (|4.31|) these may be 
proven in a very similar way as for the even dimensional cases when we use ( p.l|) . Note 
that we may use the definition of the irreducible character ( [B.8| ) in terms of the Verma 
module character ( [B.7D and ( |3.3UD to rewrite the sum on the right hand side of ( [4 .301 ) as 



r 



i=2 



.^p(2'^+i)(.,x)(i-.)x;rH.(x) 

2 2 z 



(D.9) 



which matches ( p.34|) . The free scalar case of (|4.29| ) follows in a similar fashion. The 
identity ( ^^271) is in fact equivalent to (|4.29|) . The sum on the right hand side of ( [4.31J ) 
may be rewritten as 



s'+'+m2r+l ((1 - S)-\1 - SX^)-^ n (1 - - SX-^)-^ C'g;tj;,,,...,,^.)(x) 

(D.IO) 



i=r — j 

when we perform the sums over pi, g, t. This may be rewritten as 



r-3 



lx^(2r+l) 



i=2 



l + n2+—n2- ■,---,i+'nr-j + —nr--j - ,£l,...,£r) 



0^n = ^^ nj^^27 2j-2 



(x). 
(D.ll) 
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Using ( D.4 ), for n > the contributions for given n reduce to a single one from 



X {e,...,e,i-i,...,i-i,e^,...,ej) y-'^J 



(D.12) 



so that (p. Ill) equals fjl^J^^^-^^^^^^ ^^^.](s,x) in (|3.32|) for p = r - j. 

To prove some product formulae we will use the expansions above and the following, 

2n,(/(x)xf (x)) =2IJ,(/(x))xf (x), (D.13) 

for any /(x). 

For even dimensions we now prove (1021) and (14:231) for £' = In this case we have 



that 



where we may determine from ( p.4P that 



X 



2m+l 



X 



i = l m^t^Q 

2™ + l>jl>...>j2t + i>l 

2m+l 



2m,+ 15!ji>...>j2t>l 



(D.14) 



(D.15) 



We use (P.14|) and (|4.14|) to expand V^^^^^gj^{s,x) in ([4. 221) and then match powers 



of s on both sides. Clearly the 0(1) terms on both sides of (|4.22|) agree. At O(s^) for 
g ^ 1 we must show that, 



(4m + 2) . X /X _ . x / x 

X(^+g,^,...,^)WX(l^... X(^+g_i,^,...,£)lXJX(i_ l^l^Xj 



(4m+2) 



(4m+2) 



(4m+2) 



(4m+2) 



llW -X 



(4m+2) 



(D.16) 



Using (p.l3[ ) and (p.l5[ ) we may rewrite the left hand side of ( p.l6| ) as 

/^(4m+2) . X (4m+2) , x ^(4m+2) , x (4m+2) 



2n4.+2(c{j:;q^,_._...^,_.^(x)(x,^-i) 



^31 ' ' ' -^321-1 



27n+l^jl>...>j2t_l>2 



(D.17) 
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For q ^ 1 most of the terms in (|D.17|) vanish under the action of the Weyl symmetry 
operator and it reduces to 



W4 



- 1) ■ ■■x,^ , (D.18) 

^ t=i ' 

and from here it is easy to show that this agrees with the right hand side of ( P.16| ). 

Similarly, using (|D.14|) and ( [4.14|) to expand ^[^^^^^j-i-l'S? x) in (|4.23| ), then matching 



powers of s on both sides of the equation ( ^.231 ) we must show that for q' ^ 0, 

(4m+2) , ^ (4m+2) , x _ (4m+2) . x (4m+2) , . 

= V y^^"^+') (x)-Y^^"^+') fx) (D.19) 



2 



for £ = ±. Using ( p.l3|) and (|D.15|) we may rewrite the left hand side of (p. 191) for £ = + 



2n 



4m+2 



as 

2D.™+.(4tt.,,,(x)x;i::f,(x)-c<-«', „(x)x<t::i'.,(x)) 

to-i.-4 ,_.,(x)(:.i^-i)(i+ E 

2m + l^Jl>...>j2t>2 

For g ^ most of the terms in (p.20| ) vanish under the action of the Weyl symmetry 
operator and it reduces to 

<^{'+,-1,^-i,...,^-i)W(^i' - l)(l + 5^x2x3 ■ ■ -xst+i) , (D.21) 

2' 2' ' 2 J 

and from here it is easy to show that this agrees with the right hand side of ( p.l9| ) for 
£ = +. 



We also have that 
where 



2m 



x|i _ 1 ) l^J — J_ J_ Xi 2 y ^ ■ ■ ■ Xj2t_|_i , 



2m3;ji>...>j2t^l3:l 



2m 



(D.23) 



i=l m^tj;! 

2m5sji>...>j2t^l 



and this allows similar product formulae m. d = 4m dimensions to be derived straightfor- 
wardly in an analogous fashion as above. 
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